Introduction {#Sec1}
============

Some NP-hard problems can be solved by algorithms that are exponential only in the size of a parameter while they are polynomial in the size of the input. Such problems are called fixed-parameter tractable, because the problem can be solved efficiently for small values of the parameter \[[@CR10], [@CR33]\]. Formally, a parameterized problem with input size *n* and parameter $\documentclass[12pt]{minimal}
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                \begin{document}$${{t}}$$\end{document}$ is called *fixed parameter tractable (FPT)* if it can be solved in time $\documentclass[12pt]{minimal}
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                \begin{document}$${{t}}$$\end{document}$ and *c* is a constant.

An important quality of a parameter is that it is easy to compute. Unfortunately there are several parameters whose computation is an NP-hard problem. As an example computing treewidth, rankwidth, and vertex cover are all NP-hard problems but they are computable in FPT time when their respective parameters are bounded; moreover, the parameterized complexity of computing the clique-width of a graph exactly is still an open problem \[[@CR11]\].

We start from two recently introduced parameters: modular-width \[[@CR22]\] and neighborhood diversity \[[@CR31]\]. Both parameters received much attention \[[@CR1], [@CR2], [@CR5], [@CR7], [@CR12], [@CR17], [@CR18], [@CR21], [@CR24], [@CR25], [@CR29]\] also due to their property of being computable in polynomial time \[[@CR22], [@CR31]\].

As the main contribution of this paper we introduce a novel parameter called Iterated Type Partition, which nicely places between the two above parameters and allows to obtain new algorithms and hardness results.

Modular-Width {#Sec2}
-------------

The notion of modular decomposition of graphs was introduced by Gallai in \[[@CR23]\], as a tool to define hierarchical decompositions of graphs. It has been recently considered in \[[@CR22]\] to define the modular-width parameter in the area of parameterized computation.

Consider graphs obtainable by an algebraic expression that uses the operations: Creation of an isolated vertex.Disjoint union of 2 graphs, i.e., the graph with vertex set $\documentclass[12pt]{minimal}
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                \begin{document}$$E( G_1 )\cup E( G_2 )$$\end{document}$.Complete join of 2 graphs, i.e., the graph with vertex set $\documentclass[12pt]{minimal}
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                \begin{document}$$E( G_1 )\cup E( G_2 )\cup \{ (v, w)\ :\ v \in V ( G_1 ),\ w\in V(G_2) \}$$\end{document}$.Substitution operation $\documentclass[12pt]{minimal}
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                \begin{document}$$v_1,\dots ,v_m$$\end{document}$ of *G* by the modules $\documentclass[12pt]{minimal}
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                \begin{document}$$G_1,\dots ,G_m$$\end{document}$, i.e., the graph with vertex set $\documentclass[12pt]{minimal}
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                \begin{document}$$\bigcup _{1\le \ell \le m} V(G_\ell )$$\end{document}$ and edge set $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \bigcup _{1\le \ell \le m} E(G_\ell )\cup \{(u, v)\ : \ u \in V (G_i), \ v \in V (G_j ), \ (v_i, v_j) \in E(G) \}. \end{aligned}$$\end{document}$$

As defined in \[[@CR22]\], the *modular-width* of a graph *G*, denoted *mw*(*G*), is the least integer *m* such that *G* can be obtained by using only the operations 1)--4) (in any number and order) and where each operation 4) has at most *m* modules.

Neighborhood Diversity {#Sec3}
----------------------

Given a graph $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G=(V,E)$$\end{document}$, two nodes $\documentclass[12pt]{minimal}
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                \begin{document}$$N(v) \setminus \{u\} = N(u) \setminus \{v\}$$\end{document}$. The *neighborhood diversity* of a graph *G*, introduced by Lampis in \[[@CR31]\] and denoted by *nd*(*G*), is the minimum number $\documentclass[12pt]{minimal}
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                \begin{document}$$V_1,V_2, \ldots , V_{{t}}$$\end{document}$, of the node set *V*, such that all the nodes in $\documentclass[12pt]{minimal}
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                \begin{document}$$i\in [t]$$\end{document}$[1](#Fn1){ref-type="fn"}.
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                \begin{document}$$\mathcal{V}=\{V_1,V_2, \ldots , V_{{t}}\}$$\end{document}$ is called the *type partition* of *G*.
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                \begin{document}$$G=(V,E)$$\end{document}$ be a graph with type partition $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{V}=\{V_1,V_2, \ldots , V_{{t}}\}$$\end{document}$. By definition, each $\documentclass[12pt]{minimal}
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                \begin{document}$$V_i$$\end{document}$ induces either a *clique* or an *independent set* in *G*. We treat singleton sets in the type partition as cliques. For each $\documentclass[12pt]{minimal}
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                \begin{document}$$V_i,V_j\in \mathcal{V}$$\end{document}$, we get that either each node in $\documentclass[12pt]{minimal}
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                \begin{document}$$V_i$$\end{document}$ is a neighbor of each node in $\documentclass[12pt]{minimal}
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                \begin{document}$$V_i$$\end{document}$ has a neighbor in $\documentclass[12pt]{minimal}
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                \begin{document}$$V_j$$\end{document}$. Hence, between each pair $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V_i,V_j\in \mathcal{V}$$\end{document}$, there is either a complete bipartite graph or no edges at all.

Starting from a graph *G* and its type partition $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{V}=\{V_1, \ldots , V_{{t}}\}$$\end{document}$, we can see each element of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{V}$$\end{document}$ as a *metavertex* of a new graph *H*, called the *type graph* of *G*, with$\documentclass[12pt]{minimal}
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                \begin{document}$$E(H)=\{(x,y) \ | \ x \ne y \text { and for each } u\in V_x, v\in V_y \text { it holds that } (u,v)\in E(G) \}$$\end{document}$.

We say that *G* is a *base graph* if it matches its type graph, that is, the type partition of *G* consists of singletons, each representing a node in *V*(*G*), and $\documentclass[12pt]{minimal}
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                \begin{document}$$nd(G)=|V(G)|$$\end{document}$.

We introduce a new graph parameter, which generalizes neighborhood diversity. Given a graph *G*, the *Iterated Type Partition* of *G* is defined by iteratively constructing type graphs until a base graph is obtained. It is worth mentioning that our base graphs correspond to prime graphs for modular decomposition \[[@CR1]\].

### Definition 1 {#FPar1}
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                \begin{document}$${H^{(0)}}=G$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$${H^{(i)}}$$\end{document}$ denote the type graph of $\documentclass[12pt]{minimal}
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                \begin{document}$${H^{(i-1)}}$$\end{document}$, for $\documentclass[12pt]{minimal}
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                \begin{document}$$i\ge 1$$\end{document}$. Let *d* be the smallest integer such that $\documentclass[12pt]{minimal}
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                \begin{document}$${H^{(d)}}$$\end{document}$ is a base graph. The *iterated type partition* of *G*, denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$${ itp}(G)$$\end{document}$, is the number of nodes of $\documentclass[12pt]{minimal}
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                \begin{document}$${H^{(d)}}$$\end{document}$. The sequence of graphs $\documentclass[12pt]{minimal}
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                \begin{document}$${H^{(0)}}=G, {H^{(1)}}, \cdots , {H^{(d)}}$$\end{document}$ is called the *type graph sequence* of *G* and $\documentclass[12pt]{minimal}
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                \begin{document}$${H^{(d)}}$$\end{document}$ is denoted as the base graph of *G*.

An example of a graph and its type graph sequence is given in Fig. [1](#Fig1){ref-type="fig"}. For each type graph $\documentclass[12pt]{minimal}
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                \begin{document}$${H^{(i-1)}}$$\end{document}$.Fig. 1.A graph *G* with iterated type partition 5 and its corresponding type graph sequence: $\documentclass[12pt]{minimal}
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                \begin{document}$$G=H^{(0)},H^{(1)},H^{(2)}.$$\end{document}$ Dashed circles group nodes having the same type.

It is well-known that determining *nd*(*G*) and the corresponding type partition, can be done in polynomial time \[[@CR31]\]. As an immediate consequence, we have that

### Theorem 1 {#FPar2}

There exists a polynomial time algorithm which, for any input graph *G* computes the type graphs sequence of *G* and, consequently, finds the value *itp*(*G*).

Relation with Other Parameters {#Sec4}
------------------------------

In this section we analyze the relations between the iterated type partition parameter and some other well known parameters.

We notice that, as an iteration of neighborhood diversity, the new parameter satisfies$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} itp(G)\le nd(G). \end{aligned}$$\end{document}$$Actually *itp*(*G*) can be much smaller than *nd*(*G*). Indeed consider the following:Choose a positive integer *d* and a connected base graph $\documentclass[12pt]{minimal}
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                \begin{document}$$H^{(i-1)}$$\end{document}$ is obtained as follows:replace each node of $\documentclass[12pt]{minimal}
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                \begin{document}$$H^{(i)}$$\end{document}$, with an independent set of at least two nodes (if $\documentclass[12pt]{minimal}
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                \begin{document}$$d-i$$\end{document}$ is even) or a clique of size at least two (if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d-i$$\end{document}$ is odd).for each edge of $\documentclass[12pt]{minimal}
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                \begin{document}$$H^{(i)}$$\end{document}$, put a complete bipartite graph between the nodes of the graphs that replace the endpoints of the edge.
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We stress that iterated type partition is a "special case" of modular-width in which the modules in operation 4) can only be independent sets or cliques. Hence, it is not difficult to see that for every graph *G*$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} mw(G)\le itp(G). \end{aligned}$$\end{document}$$We know from \[[@CR31]\] that $\documentclass[12pt]{minimal}
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                \begin{document}$$nd(G)\le 2^{vc(G)}+vc(G)$$\end{document}$. Hence, by ([1](#Equ1){ref-type=""}), we have $\documentclass[12pt]{minimal}
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                \begin{document}$$itp(G)\le 2^{vc(G)}+vc(G)$$\end{document}$. Moreover, using the same arguments as in \[[@CR31]\] is it possible to show that $\documentclass[12pt]{minimal}
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                \begin{document}$$cw(G)\le itp(G)+1.$$\end{document}$ Finally, as for the neighborhood diversity we can easily show that the iterated type partition is incomparable to the treewidth by comparing the values of such parameters on a complete graph $\documentclass[12pt]{minimal}
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                \begin{document}$$K_n$$\end{document}$ and a path on *n* nodes. A summary of the relations holding between some popular parameters is given in Fig. [2](#Fig2){ref-type="fig"}. We refer to \[[@CR19]\] for the formal definitions of treewidth and clique-width parameters.Fig. 2.A summary of the relations holding among some popular parameters. In addition to the previously defined parameters, we use *tw*(*G*), *cw*(*G*) and *vc*(*G*) to denote treewidth, clique-width and minimum vertex cover of a graph *G*, respectively. Solid arrows denote generalization, e.g., modular-width generalizes iterated type partition. Dashed arrows denote that the generalization may exponentially increase the parameter.

Our Results and Related Work {#Sec5}
----------------------------

We give both tractability and hardness results for the new parameter.

**The** ***Equitable Coloring*** **(EQC) Problem.** If the nodes of a graph *G* are colored with *k* colors such that no adjacent nodes receive the same color (i.e., properly colored) and the sizes of any two color classes differ by at most one, then *G* is called to be *equitably k-colorable* and the coloring is called an *equitable k-coloring*. The goal is to minimize the number of used colors. The EQC problem is a well-studied problem, which has been analyzed in terms of parameterized positive or negative results with respect to many different parameters \[[@CR26]\].

In particular, Fellows et al. \[[@CR14]\] have shown that EQC problem parameterized by treewidth and number of colors is *W*\[1\]-hard. A series of reductions proving that Equitable Coloring is *W*\[1\]-hard for different subclasses of chordal graphs are given in \[[@CR26]\]: The problem is shown to be W\[1\]-hard if parameterized by the number of colors for block graphs and for the disjoint union of split graphs; moreover, it remains W\[1\]-hard for $\documentclass[12pt]{minimal}
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                \begin{document}$$K_{1,4}$$\end{document}$-free interval graphs even when parameterized by treewidth, number of colors and maximum degree. In \[[@CR3]\] an XP algorithm parameterized by treewidth is given. We notice that an XP algorithm for Equitable Coloring parametrized by iterated type partition can be obtained by using Theorem 17 in \[[@CR28]\]. On the other side, Fiala *et al.* show that the Equitable Coloring problem is FPT when parameterized by the vertex cover number \[[@CR16]\]. However, it was an open problem to establish the parameterized complexity of the Equitable Coloring problem parameterized by neighborhood diversity or modular-width. In Sect. [2](#Sec6){ref-type="sec"} we answer to these questions by proving the following results.

### Theorem 2 {#FPar3}

The Equitable Coloring problem is *W*\[1\]-hard parametrized by *itp*.

Recalling ([2](#Equ2){ref-type=""}), Theorem [2](#FPar3){ref-type="sec"} immediately gives that the Equitable Coloring Problem is *W*\[1\]-hard w.r.t. modular-width.

### Corollary 1 {#FPar4}

The EQC problem is *W*\[1\]-hard parametrized by modular-width.

We also show that the Equitable Coloring *W*\[1\]-hardness drops when parameterized by the neighborhood diversity.

### Theorem 3 {#FPar5}

The EQC problem is FPT when parameterized by neighborhood diversity.

**FPT Algorithms w.r.t. itp.** In the last section we deal with FPT algorithms with respect to iterated type partition. Some of the considered problems are already known to be FPT w.r.t modular-width. Nonetheless, we think that the new algorithms, parameterized by iterated type partition, are worthy to be considered, since they are much simpler, faster, and allow to easily determine not only the value, but also the optimal solution. As an example, we consider here the Dominating Set (DS).

Table [1](#Tab1){ref-type="table"} summarizes our contribution, in relation to known results. Due to space constraints, some proofs are omitted or sketched; full proofs as well as the algorithms for the Vertex Coloring (Coloring) and the Vertex Cover (VC) problems appear in the extended version of this work \[[@CR6]\].Table 1.The table summarizes the results known in literature for several problems parametrized by iterated type partition and related parameters. *t* denotes the value of the considered parameter and \[\*\] denotes the result obtained in this paper.DS, VCColoringEQC*cw*FPT \[[@CR9]\]W\[1\]-hard \[[@CR19]\]W\[1\]-hard \[[@CR20]\]*mw*FPT \[[@CR34]\]FPT \[[@CR22]\]W\[1\]-hard \[\*\]*itp*FPT($\documentclass[12pt]{minimal}
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Equitable Coloring (EQC) {#Sec6}
========================

In this section we prove Theorems [2](#FPar3){ref-type="sec"} and [3](#FPar5){ref-type="sec"}."**Equitable ColoringInstance:** A graph $\documentclass[12pt]{minimal}
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Hardness {#Sec7}
--------

In order to prove that Equitable Coloring problem is *W*\[1\]-hard if parameterized by iterated type partition, we present a reduction from the following Bin packing problem, which has been shown to be W\[1\]-hard when parameterized by the number of bins \[[@CR27]\].
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### Lemma 1 {#FPar6}
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### Proof {#FPar7}
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Neighborhood Diversity: An FPT Algorithm {#Sec8}
----------------------------------------
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Finally, we evaluate the time to solve the above system. We use the well-known result that Integer Linear Programming is FPT parameterized by the number of variables.
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### Proposition 1 {#FPar11}
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Algorithms {#Sec9}
==========

In this section, we deal with FPT algorithms with respect to iterated type partition. In order to solve a problem *P* on an input graph *G*, the general algorithm scheme is: Iterate by generating the whole type graph sequence of *G*.On each graph $\documentclass[12pt]{minimal}
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In the following, we assume that the input graph is connected and it is not a clique. Indeed, the domination problem in disconnected graphs can be separately solved on each connected component. Moreover, in the case of a complete graph, the solution trivially consists of one vertex. Notice that the assumption of *G* being a non complete connected graph, implies that the base graph of *G* is connected and $\documentclass[12pt]{minimal}
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In order to present our FPT algorithm, we consider the following generalized dominating set problem.

Definition 2 {#FPar12}
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Proof {#FPar14}
-----
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Lemma 4 {#FPar15}
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Conclusion {#Sec10}
==========

We introduced a novel parameter, named iterated type partition, and studied some of its properties. We show that the Equitable Coloring problem is W\[1\]-hard when parametrized by the iterated type partition. This result extends also to the modular-width parameter. We also prove that the hardness drops for the neighborhood diversity parameter, when the problem becomes FPT. Moreover, we presented a general strategy that enables to find FPT algorithms for several problems when parameterized by iterated type partition. The Algorithm for the Dominating Set problems has been presented, while algorithms for Vertex coloring and Vertex Cover problems appear in the extended version of the work.

It would be interesting to investigate whether the proposed strategy can be applied on other problems and if some meta-algorithm an be devised. Moreover, it would be interesting to analyze the Edge Dominating Set problem, which has been shown to be FPT with the neighborhood diversity parameter \[[@CR31]\].

For a positive integer *n*, we use \[*n*\] to denote the set of the first *n* integers, that is $\documentclass[12pt]{minimal}
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